Small, fibre-based endoscopes have already improved our ability to image deep within the human body. A novel approach introduced recently utilised disordered light within a standard multimode optical fibre for lensless imaging. Importantly, this approach brought very significant reduction of the instruments footprint to dimensions below 100 µm. The most important limitations of this exciting technology is the lack of bending flexibility -imaging is only possible as long as the fibre remains stationary. The only route to allow flexibility of such endoscopes is in trading-in all the knowledge about the optical system we have, particularly the cylindrical symmetry of refractive index distribution. In perfect straight step-index cylindrical waveguides we can find optical modes that do not change their spatial distribution as they propagate through. In this paper we present a theoretical background that provides description of such modes in more realistic model of real-life step-index multimode fibre taking into account common deviations in distribution of the refractive index from its ideal step-index profile. Separately, we discuss how to include the influence of fibre bending.
INTRODUCTION
Theoretical description of light transport processes within ideal MMFs has been developed for over half a century. [1] [2] [3] [4] This elaborate theoretical model is however frequently considered inadequate for description of commercially available real-life MMFs. Such fibres are commonly seen as unreliable, severely randomising the light propagating through, which is typically accounted to undetectable deviations from the ideal fibre structure such as imperfections in the cylindrical symmetry, refractive index distribution or curvature. According to this notion, such additional chaos is unpredictable and its influence grows with the length of the fibre. Even in this case though, light transport through MMFs still remains deterministic.
The prospect of deterministic light propagation within MMF has been efficiently utilised only recently by deploying methods of digital holography and adopting the concept of empiric measurement of transformation matrix (TM). [5] [6] [7] [8] [9] [10] This technique developed on light transport studies in highly turbid media [11] [12] [13] [14] [15] [16] opened up a new window of opportunities for MMFs to become extremely narrow and minimally invasive endoscopes, allowing sub-micrometer resolution imaging in deep regions of sensitive tissues. 17, 18 Next to the priceless reduction of the instrument footprint, this technology was quickly recognised for further two assets of immense importance in in-vivo imaging: the complete absence of anterior optics at the distal end and the possibility to select imaging plane at arbitrary distance behind the fibre output facet.
However attractive, this technology suffers by several major limitations, the most important being the lack of flexible operation: any bending or looping of the fibre results in changes of its TM, thus rendering imaging heavily impaired. All current methods exploiting MMFs for imaging require an open optical access to the distal end of the fibre during the time consuming measurement of TM that has to be repeated for every intended configuration (deformation) and any axial distance of focal plane behind the fibre upfront, prior the system can be used for imaging. 5, 19 The necessity to empirically determine TM for each fibre configuration, therefore constitutes a major bottleneck of the technology with urgent need of addressing.
To find a solution we must return to the initial point and evaluate the influence of manufacturing deviations in real-life optical waveguides closer. While it is very reasonable to expect some deviations occurring through manufacturing processes, it also seems strikingly inappropriate to treat almost perfectly symmetric and extraordinary transparent glass tube in the same way we treat turbid media that have entirely random distribution of refractive index. Our recent extensive study on this topic revealed a startling agreement of the theoretical predictions with experimental reality, which also allowed us to perform imaging using theoretically predicted TMs in straight and curved fibre segments that were sufficiently long for practical imaging applications in life sciences, medicine and other disciplines. 20 .
This paper provides a detailed theoretical background how to include the influence of typical deviations from step-index profile that are caused by dopant diffusion or material stress. Separately we discuss the influence of fibre deformation to propagating modes in multimode waveguides.
DEVIATIONS OF REFRACTIVE INDEX PROFILE
We used perturbation theory to find corrections of the propagation constants arising from slight deviations of the refractive index profile, with respect to the scalar theory. These corrections were then added to propagation constants calculated by the weak guidance approximation of the vector theory to obtain corrected propagation constants.
We denote the refractive index in the ideal step fibre by n(r) and the slightly modified index by n (r). Starting from the scalar wave equation ∆Ψ − (n/c) 2 ∂ 2 t Ψ = 0 and separating the time and z-coordinate along the fibre as Ψ(r, ϕ, z, t) = ψ(r, ϕ) exp[i(βz − ωt)]), we arrive at the Helmholtz equation for the transversal part of the wave ψ(r, ϕ) in the step refractive index n(r):
where ∆ ⊥ is the transversal part of the Laplacian. The solutions can be indexed by the angular index l (angular momentum, or topological charge) and radial index m as mentioned before. A similar equation holds for the perturbed mode functions ψ (r, ϕ), but with n replaced by n and β replaced by the perturbed propagation constants β . Next we write the square of the modified refractive index as n 2 (r) = n 2 (r) + g(r), where g(r) is a small perturbation, express the mode functions ψ lm as superpositions of the unperturbed mode functions ψ lm , and perform the standard perturbation calculation. In this way we arrive at the following first-order correction to the propagation constant of the mode ψ lm :
For a given modified index n (r), these corrections can be readily calculated by numerical integration. The polarisation index σ of the mode does not influence the correction.
FIBRE BENDING
Eigenmodes of a bent fibre are different from those of a straight fibre. Taking into account the fact that in practice the radius of curvature is larger than the core radius by several orders of magnitude, one could be tempted to think that the two sets of modes will differ only slightly. This is not true however, due to the very small index difference between the core and the cladding. In fact, the bending introduces effective index changes that are comparable to this index difference, and therefore perturbation theory would yield inaccurate results. Fortunately, one can still describe modes of the bent fibre approximately using calculation that reminds of perturbation theory, as we show in the following.
Consider an element of the fibre centred at the origin of Cartesian coordinates with the fibre axis oriented along the z axis. Suppose now that the fibre is bent in the xz plane with the radius of curvature ρ a with the centre of curvature at the point (ρ, 0, 0). Assuming that the wavefronts are still perpendicular to the local fibre axis just as in a straight fibre * , the planes of the wavefronts should pass through the centre of curvature. Therefore the local longitudinal wavenumber (along z axis) will no longer be constant across the fibre cross section but will depend on x as k z (x) = β (1 + x/ρ), where β is the the value of the longitudinal wavenumber on the axis-the propagation constant. This yields the following equation for the mode in the xy plane:
Next we express ψ as a superposition of the modes of the straight fibre, ψ = i c i ψ i (for simplicity we have replaced the pair of indices l, m by a single index i), and substitute into Eq. (3). Using also Eq. (1), we get
Multiplying this equation by ψ * j , integrating over the xy plane, using the orthogonality of the functions ψ i , rearranging the terms slightly and interchanging the indices i and j, we get 1
(5) * Strictly speaking, wavefronts are not planes even in a straight fibre due to the factor exp(ilϕ), but we now we are not interested in phase changes in the azimuthal direction.
Here we have defined the matrix element of the x coordinate
where
1/2 is the normalisation constant of the i th mode. Equation (5) is in fact an eigenvalue problem for 1/β 2 . The eigenvectors (sequences of coefficients c i ) then determine the corresponding modes of the bent fibre. This equation can be further simplified by taking advantage of the fact that the propagation constants β i are limited by the condition n cladding k 0 < β i < n core k 0 and therefore are all very close to n core k 0 . Making the substitutions β i = n core k 0 + ∆β i and β = n core k 0 + ∆β , inserting into Eq. (5), neglecting the term containing the product A ij ∆β i and returning back from ∆β i , ∆β to β i , β , we finally get the equation
This equation shows that the propagation constants are eigenvalues of the matrix B with entries
The advantage of Eq. (7) compared to Eq. (5) is that its eigenvalues are directly the new propagation constants. Therefore the evolution operator of the state along the fibre segment of length L is simply e iBL . Evolution along a fibre that is bent nonuniformly can be expressed as a product of such operators corresponding to sufficiently short fibre segments in which the curvature can be considered constant.
Our method gives very accurate description of a bent fibre if the modes ψ i are indeed eigenmodes of a straight fibre. In our calculations, on the other hand, we have used the CP modes that are the eigenmodes with the exception of the cases l + σ = 0. However, this is not a problem because these modes form a small minority and therefore do not degrade the imaging, as can be seen in Fig. ? ?.
There is also another effect connected with fibre bending that must be taken into account. The fibre deformation causes local density changes and consequently also refractive index changes, which influences light propagation. When the fibre is bent, its outer side becomes longer and the inner side becomes shorter. Such longitudinal changes of the length of infinitesimal fibre elements cause corresponding lateral changes of their width of opposite sign and smaller in magnitude by the factor of the Poisson ratio σ. In other words, the diagonal elements of the deformation tensor are related as xx = yy = −σ zz . The relative changes of the element volume and density are then Trˆ = zz (1 − 2σ) and −Trˆ = − zz (1 − 2σ), respectively, provided that the deformation is small. If we assume that the refractive index has the property that n − 1 is proportional to the density, which seems to be reasonable for fused silica the fibre is made from, we obtain a modified refractive index n = n − (n − 1) zz (1 − 2σ). Inserting this modified index n instead of n into Eq. (3) together with zz = −x/ρ, we find after neglecting one insignificant term:
We see that the resulting equation differs from Eq. (3) by the factor ξ = 1 − (1 − 2σ)(n − 1)/n standing in front of the curvature 1/ρ. This means that the fibre behaves equally as if the index did not change but the bending were weaker by the factor of ξ. This also means that the effect of index change alone (due to fibre deformation) is of a similar character as the effect of the bending itself, just of opposite sign. For a realistic value σ = 0.17 we get ξ = 0.79, which is in perfect agreement with our experimental data.
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In general, the transversal deformation leads to the change of the shape of the cross section of the fibre core, which could also affect the modes. However, it is not hard to show that for particular deformation in question, i.e., xx = yy = −σ zz = σx/ρ, the cross section remains circular (still with radius a) up to the first order in a/ρ; the deviation from the circular shape is of the second order in a/ρ and therefore completely negligible.
Conclusions
MMF-based endoscopes have been previously demonstrated as very promising devices for in-vivo imaging within highly sensitive tissues. Trading in further knowledge about the optical system (cylindrical symmetry), analysing deviation from ideal step-index fibres and studying the influence of bending provides a powerull framework for complete modelling of light transport processes through multimode fibres with precision satisfactory for imaging applications.
